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Abstract 
Kato, H., Embeddability into the plane and movability on inverse limits of graphs whose shift 
maps are expansive, Topology and its Applications 43 (1992) 141-156. 
In [20,21], Plykin proved that for each n = 3,4, there exists a map f of a graph G onto itself 
such that (i) n = rank H,(G), (ii) the shift map ,7 off is expansive and (iii) the inverse limit (G,f) 
off can be embedded into the plane iw’ and Iw’~ (G,f) has (n + I)-components. In this paper, 
we prove that if G is any graph with rank H,(G)s2, there is no map f‘ of G onto itself such 
that the shift map ,T is expansive and the inverse limit (G,.f) can be embedded into the plane 5X’. 
This implies that Pykin’s example is the best possible. Also, we prove the following results: (1) 
There is a map .f of a graph G onto itself such that rank H,(G) = 2, the shift map f is expansive 
and the inverse limit (G,f) is movable. (2) If G is any graph with rank H,(G) = 1, there is no 
map f of G onto itself such that the shift map f is expansive and the inverse limit (G,f) is 
movable. It is known that for any graph G, there is a map .f of G onto itself such that the shift 
map .f is expansive if and only if rank H,(G) z I [ 1 I]. 
Keywords: Expansive homeomorphism, inverse limit, shift map, movable, embedding into the 
plane. 
AMS (MOS) Subj. C/ass.: Primary 54825, 54F40; secondary 54E40, 54H20, 58F15. 
1. Introduction 
A space G is called a graph if G is homeomorphic to a compact connected 
l-dimensional polyhedron. Let X be a compact metric space with metric d. A 
homeomorphism f: X + X is called expansive if there is a positive number c > 0 
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(called an expansive constant for f) such that if x, y E X and x # y, then there is an 
integer n = n(x, y) E Z such that 
d(f “(XL f”(y)) 2 c. 
Expansiveness does not depend on the choice of metric d of X. 
Let f: X + X be any map of a compact metric space X with metric d. Consider 
the following set: 
(x~f)={(xi)EOlxiE x~f(xi+l)=xi~~ 
Define a metric d” for (X, f) by 
d(g,?,)= T d(x,,y,)/2’ for_?=(~~)&,~=(y,)~,,~(X,f). 
i=o 
The space (X, f) is a compact metric space with metric d’ and it is called the inverse 
limit of the map f: Also, define a map f: (X, f) + (X, f) by 
Then the map i is a homeomorphism and it is called the shif map of J: Let 
p,, : (X, f) + X be the projection (n = 0, 1,2, . . .), i.e., pn((x,)&) = x,. Note that 
pnf=fpn=pn_, (n=1,2 ,... ).Inparticular,p,((X,f))=p,_,((X,f))foralln~l. 
In case that a map f of a graph G to itself is not onto, put G’ = p,,( (G, f )). Then 
f(G’) = G’, G’ is a graph with rank H,(G’)srank H,(G), (G, f) = (G’, f’) and 
f =!I, where H,(G) denotes the one-dimensional homology group of G and 
f’=flG’:G’+G’. Th’ IS implies that when we deal with inverse limits of maps of 
graphs and shift maps, we may assume that maps are always onto maps. 
For a given homeomorphism h, it is generally difficult to determine whether h is 
expansive or not. But, we know that inverse limits yield powerful techniques for 
constructing complicated spaces and maps from simple spaces and maps [ 1, 11, 13, 
251. In [20, 211, Plykin proved that for each n = 3,4,. . . there is a diffeomorphism 
f of the two-dimensional sphere S2 having a one-dimensional hyperbolic attractor 
A such that S2- A has (n + 1)-components. Also, he proved that if A is a one- 
dimensional hyperbolic attractor of a diffeomorphism f of S2 and if the rank of the 
one-dimensional Alexander-tech cohomology group of A is n, then there is a map 
g of a bouquet r of n circles onto itself such that f on A is topologically conjugate 
to the shift map g” (for details, see [21, Theorem 3.11). It is known that the restriction 
of a diffeomorphism to a hyperbolic set is always expansive. Note that there is a 
map g of a graph G onto itself such that the shift map g is expansive, the inverse 
limit (G, g) can be embedded into S2 but (G, g) is not homeomorphic to any 
hyperbolic attractors of diffeomorphisms of S2 (see Section 5). Naturally, we take 
an interest in the following problem (A): For each n = 0, 1,2, is there a (nondegener- 
ate) plane continuum X such that X admits an expansive homeomorphism and 
R2 - X has (n + 1)-components? Also, we take an interest in the following problem 
(B): For each n = 0, 1,2, is there a map f of a graph G onto itself such that 
rank H,(G) = n, f is expansive and (G, f) can be embedded into the plane R2? 
Inverse limits of graphs 143 
In [2], Borsuk proved that every plane compact metric space is movable. In [ 111, 
we proved that if f: G + G is a positively expansive map of a graph G, then (G, f) 
is not movable, and hence it cannot be embedded in the plane. Also, we proved 
that (1) if an onto map f: G + G of a graph G is null-homotopic, then j is not 
expansive, and (2) if G is any graph with rank H,(G) 3 1, there is an onto map 
f: G + G such that 7 is expansive. In [9], we proved that there are no Peano continua 
in the plane admitting expansive homeomorphisms. 
In this paper, we investigate embeddability into the plane and movability on 
inverse limits of graphs whose shift maps are expansive. In particular, we prove 
that the problem (B) has a negative answer. 
2. Definitions and main result 
Let A be a closed subset of a compact metric space X. A map f: X -+ X is called 
positively expansive on A if there is a positive number c > 0 such that if x, y E A and 
x # y, then there is a natural number n 2 0 such that 
d(f”(x), f”(y)) 2 c. 
Note thatf”l, is locally injective for all n 2 0. If a mapf: X + X is positive expansive 
on the total space X, we say f is positively expansive. Let ~2 be a finite closed covering 
of X. A map f: X + X is called positively pseudo-expansive with respect to d if the 
following conditions hold: 
(P,) f is positively expansive on A for each A E ~4. 
(P2) For A, BE & with An B # 0, one of the following two conditions holds: 
(*) f is positively expansive on A u B. 
(**) Iff is not positively expansive on A u B, then there is a natural number 
kz 1 such that for any A’, A”E ~4 with A’n A”#& 
f”(A’uA”)n(A-B)=@ or f”(A’uA”)n(B-A)=@ 
A map f: X + X is called positively pseudo-expansive if f is positively pseudo- 
expansive with respect to some finite closed covering J& of X. In [ll, (4.1)], we 
proved that if a map f: X + X is positively pseudo-expansive, then the shift map f 
is expansive. 
Note that if A, and A2 are subcontinua of a graph G such that A, n A, = {p} is 
a one point set, and if f: G + G is a map such that f is positively expansive on each 
Ai (i = 1,2) andf %,“A1 is locally injective at p for all n 3 0, then f is also positively 
expansive on A, u A?. 
The following theorem was not explicitly stated in [13] but its proof follows 
readily that of (2.5) in [13]. 
Theorem 2.1. Let G be a graph and let f: G + G be an onto map. Then the shift map 
7 is expansive if and only iff is positively pseudo-expansive with respect to ~4, where 
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~4 = {e 1 e is an edge of K} and K is some simplicial complex with 1 K I= G satisfying 
the following property: for each e E & there is a sequence {e,}Z& of arcs in G such 
that e,=e, fle,,+,:e,+,+e, is a homeomorphism (n=0,1,2 ,... ), and 
lim,,, diam( e,) = 0. 
Lemma 2.2 ([ 12, (2.2)] or [13, (2.8)]). Letf: X + X be an expansive homeomorphism 
of a compact metric space X and let c > 0 be an expansive constantforf and 0 < E < c/2. 
Then there is 0 < 6 < E such that if A is a nondegenerate subcontinuum of X such that 
diam AS S and diam f “‘(A) > F for some m E Z, then one of the following two 
conditions holds: 
(*) ff m 2 0, then diam f “(A) 2 6 for all n 3 m. 
(**) Ifm<O, then diamf~“(A)~6forall -n<m. 
Lemma 2.3. Let f: X + X be an expansive homeomorphism of a compact metric space 
X and let E and 6 be as in Lemma 2.2. Then for any 7 > 0 there is a natural number 
m(v) ~0 such that $A is a subcontinuum of X such that diam AS 17, then one of 
the following conditions holds: 
(*) diamf”(A)~Sforalln~m(~). 
(**) diam f -“(A) 2 6 for all n 2 m(v). 
Proof. Let y = min{ 6, T}. Consider the following set: W={(x,Y)E 
XxXld(x,y)+y}.F or each (x, y) E W, there is a natural number m = m(x, y) such 
that max{d(f’(x), f’(y))Ililsm}ac > F. Since W is compact, there is a natural 
numberm(q)suchthatif(x,y)E W,thenmax{d(f’(x), f’(y))llilSm(7t)}>&.Note 
that for any subcontinuum A with diam A 2 7, there is a subcontinuum B of A such 
that diam B = y. By Lemma 2.2, we see that the lemma is true. 0 
A compact metric space X in the Hilbert cube Q = [ - 1, 11” is movable [2] provided 
that for any neighborhood U of X in Q there is a neighborhood V of X in U such 
that for any neighborhood W of X in Q there is a homotopy h : V x [0, l] + U such 
that h (x, 0) = x and h(x, 1) E W for x E V. Movability does not depend on the 
embedding of X into Q. Note that if X is a compact metric space in the plane, 
then X is movable. But the converse assertion is not true even if X is one-dimensional 
[2]. It is well known that solenoids are not movable. 
We refer readers to [18] for the relations between movability and inverse limit 
spaces. 
The following theorem is the main result of this paper. 
Theorem 2.4. Let G be a graph and let r(G) = rank H,(G). 
(1) If r( G) = 1 andf is a map of G onto itself such that the shift map jis expansive, 
then (G, f) is not movable. 
(2) If r( G) = 2 and f is a map of G onto itself such that f is expansive, then (G, f) 
cannot be embedded into the plane. But, there is a map f of a graph G onto itself such 
that r(G) = 2, i is expansive and (G, f) is movable. 
Hence Table 1 is obtained; where the symbol x implies that there is no graph G 
satisfying the desired conditions. The symbol 0 implies that there is a graph G satisfying 
the desired conditions. 
Table 1 
r(G) Expansiveness Movability Embeddability into the plane 
0 x x x 
1 0 x x 
2 0 0 
3 0 0 : 
4 0 0 0 
3. The proof of the case r(C) = 1 
In this section, suppose that G is a graph with r(G) = 1. Let f: G + G be an onto 
map such that f is expansive. By Theorem 2.1, there is a simplicial complex K of 
G as in Theorem 2.1. Since r(G) = 1, there are subgraphs S, X, , X2,. . , XL of G 
such that G = S u l_lF=, Xi, where S is a simple closed curve, each X, is a tree, 
Xi n X, = 0 (i #j) and S n X, is a one point set for each i. Now, we shall show that 
f nls : S + G is locally injective for all n ~0. Suppose, on the contrary, that there is 
a point p of lK”l A S and two edges e,, e2 of K such that e, n e2 = {p}, ei c S (i = 1,2) 
and f mle,iiel is not locally injective at p for some m 3 1. Let e be any edge of K. 
Since f is positively expansive on e, f “le is locally injective for all n 2 0. For each 
n 2 0, there is no arc A in e such that f”(A) c e, u e, and f”(A) n (e, -{p}) f 0 Z 
f”(A) n ( e2 - { p}). In this case, we say f “It cannot pass over the point p in e, u e2. 
By Theorem 2.1 and Lemma 2.2, we see that 
(#) there is r > 0 such that for any finite sequence x, < x2 < . . . < xq of points of 
e, there is a natural number rn,> 0 such that diam f n([x,, xi+,]) 2 r for all n z m, 
and i=l,2,..., 9 - 1, where [xi, x,,,] denotes the arc from xi to x,,, in e. 
Since r(G) = 1 and f nle cannot pass over p in e, u e2 for all n 2 0, by (#) we can 
choose a sufficiently large natural number n such that f nle is not locally injective. 
This is a contradiction. Hence f n/s is locally injective for all n 2 0. Since r(G) = 1, 
we see that f(S) = S. Also, by (#) we see that there is an integer s E h such that 
IsI 2 2 and f,(a) = a.‘, where a is a generator of the one-dimensional homotopy 
group r,(G) = Z. Then (G, f) has the same shape as the s-adic solenoid, and hence 
it is not movable (see [2, p. 1541). Note that (G, f) contains a solenoid. 
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4. The proof of the case r(G) = 2 
Let f: G + G be an onto map of a graph G. Let S be a fixed simple closed curve 
in G and S be a fixed orientation of S. Then f is said to be orientation-preserving 
positively expansive on s’ provided that (a) f is positively expansive on S and (b) if 
A and g are any oriented subarcs of S having the same orientation as S and 
f”(A) =f”(B) are arcs in G for some m, n > 0, then the orientations off”(A) and 
f”( 6) are equal. Note that f” s is locally injective for all n 3 0, but the image f”(S) 
may not be contained in S. Let A be an arc in G. Then flA is said to be winding S 
provided that for any E > 0 there is a natural number m = rn(~) such that if B is 
any subarc of A with diam B 3 e, then f”(B) 2 S for all n 2 m. 
We have the following theorem concerning embeddability into the plane on inverse 
limits of graphs. 
Theorem 4.1. Let f: G + G be a map of a graph G and let S be a simple closed curve 
in G and s’ be an orientation of S. Suppose that f is orientation-preserving positively 
expansive on S and for any subarc A of S, fj A is winding S. Then (G, f) cannot be 
embedded into the plane R*. 
Proof. Suppose, on the contrary, that there is a continuum X in the plane R2 such 
that X is homeomorphic to (G, f). For simplicity, we identify X with (G, f ). Let 
p,,: X = (G, f) + G be the projection. Let E > 0 be a sufficiently small positive 
number. We may assume that if h, , hz: Z + G are maps from a space 2 to G such 
that d(h,, hz)=sup{d(h,(z), h,(z))IzEZ}< F, then h, and h, are homotopic. 
Choose a continuum X0 in the plane R* containing X and a map P : X,, + G such 
that p,, = Pi, where i : X c X0 denotes the inclusion map. Since we may assume that 
X,, is a k-annulus (k B 0), the cardinal number of the set of homotopy types of 
simple closed curves in X0 (= embeddings of the unit circle into X0) is finite. Hence 
we can choose a sufficiently large natural number m such that if c is an element of 
n,(X,) and L(P,(c)) 3 m, then c cannot be represented by any simple closed curve 
in X,,, where L(x) is the length of an element x of r,(G) as follows: L(x) =Ci=, lajl, 
if x = a:1 0 a:2 0 . . . 0 ayy, Lyi f 0, ai E {b,, b2, . . . , b,,}, ai # ai+, for each i, and each 
b, is a free generator of r( G, *). Since flA is winding S for any arc A in S and f “IS 
is locally injective for all n > 0, we can choose a sequence {AnCkI}& of arcs in S 
suchthatO=n(O)<n(l)<n(2)<***, lim,,,(n(k+ 1) -n(k)) = co, each AnCkj has 
no branch points of G, fn’k+l’~n(k)lA~,(i+,,:An(k+,)~AAn(k) is a homeomorphism for 
each k and limk,, diam A,,(,, = 0. Then we have the arc A’ in X = (G, f) such that 
~nw(A’) = An(k) for each k. Since f ]A,20j is winding S, we can choose a sufficiently 
large natural number N such that pof N(A’) = f N(A,o,) is winding S many times 
(> m), i.e., there are points a, < a, < . ..<a, (u>m) ofthe arcfN(A’) such that 
po([a,,a,+,])~Sforeachi.PutA=SN(A’).ThenAisanarcinX=(G, f)cX,cR’. 
Let p and q be the endpoints of A such that the orientation of pN+,,(k)(A) (ka0) 
is equal to S, where A’ = [p, q]. Choose two points p’ and q’ in A such that p’ 
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(respectively q’) is near to p (respectively q) and p,,([ p’, q’]) is still winding S many 
times (> m). Choose a sufficiently small positive number 6 > 0 such that 6 < 
min{d( p, [p’, q]), d(q, [p, q’]). We may assume that if E is an subset of X0 with 
diam E < 6, then diam P(E) < c/2. Choose a closed neighborhood V(p) (respec- 
tively V(q)) of p (respectively q) in X0 such that V(p) (respectively V(q)) is 
path-connected, V(p) n V(q) = 0, V(p) c U,(p) (respectively V(q) c U,(q)), where 
U,(p) denotes the &neighborhood of p in X0. Choose a sufficiently large natural 
number k1 such that if x,.vs X, PN+w,)(x) =pNtnck,dp) and P,w+~(~JY) = 
pNtnck,)(q), then x E V(p) and y E V(q). Since limk+m Anckj = 0 and flL is winding 
S for any arc L in S, we can choose an oriented arc g = [r, s] in X such that 
~~+~(k,d~-) =pN+ndq), P~+w,~s) =PN+~w,~P), and for almost all k PTV+W(B) 
is an arc in S,fn(k+‘)Pn(k)l Ph+,,,l+,,(B):PN+n(k+l)(B)‘P N+nckJ(B) is a homeomorphism, 
the orientation of pNtnckj(6) c S is equal to S, and pNtnckj(A) r~p~+~(~)( B) = 0 (see 
Fig. 1). Then A A B = 0. Note that I E V(q) and s E V(p). Choose two points r’ and 
s’ of B such that r’ is the last point of V(q) n l? and s’ is the first point of V(p) n [ r', s]. 
Note that V(p) and V(q) are path-connected and [r’, s’] n ( V(p) u V(q)) = {r’, s’}. 
Using the arc A and the subarc [r’, s’] of B, we can easily see that there is a simple 
closed curve C in X,, such that P(C) is winding S many times (> m) (see Fig. 2). 
Then L( I’*( C)) > m, because that f is orientation-preserving positively expansive 
on S This is a contradiction. Hence (G, f) cannot be embedded into the plane. 0 
‘N+n(k.) (q) = ‘N+n(k.) (r) 
‘) = p N+n (kl) (‘I 
‘N+n (k) (” 
\ 
‘N+n (k) (“, 
Fig. 1 
It is well known that a p-adic solenoid X (I p( 2 2) is not movable. Hence X 
cannot be embedded into the plane. But, using Theorem 4.1 we can directly prove 
this fact. Later, we will know that there exists a mapf of a graph G onto itself such 
that f satisfies the conditions as in Theorem 4.1 but (G, f) is movable. 
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Fig. 2. 
From now on, we assume that G is a graph with r(G) = 2. Let f be a positively 
pseudo-expansive map with respect to &, where & and K are as in Theorem 2.1. 
Let p E G. Then p is of order less than or equal to n, in writing ord, G s n, if for any 
F > 0 there is an open neighborhood U of p in G such that diam U < F and the 
boundary Bd( U) = Cl(U) - U consists of at most n points. Also, p is of order n, in 
writing ord, G = n, if ord, G 4 n but p is not of order less than or equal to n - 1. 
Since r(G) = 2, G contains one of the following sets H, (i = 1,2,3) (see Figs. 3, 
4 and 5): 
H,={(x,y)~[W~]x~+y~= 1 or (~-3)~+y’= I} 
u {(X,0)ElR2~l~X~2}. 
H2={(x,y)~R2J(~-1)2+~2=1 or (x+1)2+y2=1}. 
H,={(x,y)E(W2(X2+y~=l}u{(0,y)~(W2~-1~y~l}. 
We consider the following several cases. 
Case (A): Let H be one ofHi (i = 1,2,3). We shall prove that if for some m 2 1, 
fmlH is not locally injective at a point p E H with ord,H = 2, then (G, f) is not 
movable. Let e be an edge of K. By Theorem 2.1, there is a sequence e = A,,, A,, . . . 
of arcs in G such that lim,,, diam A,, = 0 andflA,,+, : A,,+, + A,, is a homeomorphism 
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for each n. As before, we see that f”(e) (n 2 0) cannot pass over the point p in 
eI u e2, where ei is an edge of K, e, n e2 = {p} and e, u e, c H. As before, we can 
see that fle is winding some simple closed curve S (see the property (#) in Section 
3). Sincef”l, is locally injective for all n 2 0, we can see that f”ls is locally injective 
for all n, which implies that f is positively expansive on S. Also, we can see that 
f(S) = S or f’(S) = S. We may assume that f(S) = S. We put f’ =f2, if necessary. 
Note that (G, f) = (G, f’). Suppose, on the contrary, that (G, f) is movable. By 
Trybulec’s theorem [24], there is a plane continuum X such that Sh( G, f) = Sh X. 
Since r(G) = 2, we can see that Sh( G, f) = Sh G or Sh( G, f) = Sh S (see [2, p. 221, 
(7.1) Theorem]), where Sh X denotes the shape of X. If Sh(G, f) = Sh G, there is 
a sequence {n (k)}F= L (n(k) > 0) of natural numbers such that the following diagram 
is homotopically commutative: 
Id Id Id 
We can easily see that ( rk).+ : rl( G) = Z * Z + n-,(G) = Z * Z is an onto homomorph- 
ism. Hence (rk)* is an isomorphism (see [16, p. 110, Corollary 2.13.11). Also (qk)* 
is an isomorphism (k 2 2) and f* is an isomorphism. Hence f is a homotopy 
equivalence. Since f(S) = S, f+ : H,(G) = Z @Z + H,(G) = Z 0 Z is represented by a 
matrix M = [i :,I, where Ir.4 2 2 (see the property (#) in Section 3). Since det M # il, 
f+ is not an isomorphism. This is a contradiction. Next, suppose, on the contrary, 
that Sh( G, f) = Sh S. Then there is a sequence {n(k)}:=, (n(k) > 0) of natural 
numbers such that the following diagram is commutative: 
(f”‘l’)Y 
H’(G) - 
(f”‘2’)X 
H’(G) - H’(G) - . . . 
HjS/ H1!S/ H jS) x = = 
where H’(G) denotes the one-dimensional cohomology group of G. Hence we have 
the following commutative diagram: 
Let gk((l, 0)) = mk E Z. Note that mk f 0 for each k. Sincef#((l, 0)) = (u, 0) (luls2), 
for any k = 1,2,3, . . _ , m, = &+,((ttNck), 0)) = mk+,UNck), where N(k) = 
n(l)+n(2)+. . . + n(k). This is a contradiction. Hence (G, f) is not movable. 
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From now on, we assume that if p is a point of H with ord, H = 2, then fnlH is 
locally injective at p for all n a 0. 
Consider the following three cases (B), (C) and (D): 
Case (B): Suppose that G contains H,. Then we shall prove that iff: G+ G is a 
positively pseudo-expansive map, then (G, f) is not movable. If fnlH,: H, + G is 
locally injective for all n > 0, then we can see that (G, f) is not movable, because 
f is positively expansive on H, and f(H,) c H, (see [ll, (4.5)]). We may assume 
that there is a point p of H, such that f”l H, is not locally injective at p for some 
msl. We assume that ord,H,=3. Let e, (i=l,2,3)EK’such that e,ne,={p} 
(i# j), eic H, (see Fig. 3). Suppose that fm],,vez is not locally injective at p for 
some m 3 1. By the argument as before, we may assume thatf is positively expansive 
on e2 u e3 and also on e, u e3, because fnle (e E -pP) cannot pass over the point p in 
e, u ej (i #j), if not. Since fnle (e E a) cannot pass over p in e, u e,, by a similar 
argument as before, we can see that there is a simple closed curve S of H, such 
that f”ls is locally injective for all n 2 0. Then we can see that f”(S) = S for some 
n 2 1. By the same argument as in Case (A), (G, f) is not movable. Next, suppose 
thatf’?,,,,, is not locally injective at p for some m 2 1 and f is positively expansive 
on e, u e2 and e, u e3. Let p’ be the point of H, such that ord,,, H, = 3 (p f p’) and 
let e, (i = 4,5,6) E K’ such that ei n er = {p’} (i # j) and ei c H, (see Fig. 3). We may 
assume that f is positively expansive on e,u e5 and equ e6. In this case, suppose, 
on the contrary, that (G, f) is movable. Then Sh( G, f) = Sh G or Sh( G, f) = Sh S. 
If Sh(G, f) = Sh G, as in Case (A), f is a homotopy equivalence. Let x0 be the 
middle point between p and p’ in H, (see Fig. 3). For each n 2 0, consider the 
following isomorphism: 
f:: (r,(G, x0))+ (r,(G, f”(x,))). 
Since fnlHl is locally injective at x0 for all n 2 0, the following equality holds: 
L(f;(a”Pa’. . -)I = w-:(a*)) + w;(m) + Wl(a’)) +. . ., 
where a and 6 are usual generators of m,( G, x0) and (Y, p, y, . . f 0 are integers. 
Since fnlelUeZI fnlelue3, fnle4ue5j fnLe, are locally injective for all n 2 0, using the 
property (#) in Section 3 we see that lim,,, L(fi(a”)) = lim,,, L(f;(b’)) =. . . = 
co. Hence, we see that f, is not an isomorphism. This is a contradiction. Next, we 
suppose that Sh( G, f) = Sh S. In this case, we can easily see that [f:(a)]’ = [fz(b)]j 
Fig. 3. 
Inverse limits qf graphs 151 
Fig. 4 
for some n 2 1 and i,j E Z (i, j # 0). But, we can easily see that this is a contradiction. 
Consequently, (G, f) is not movable. 
Case (C): Suppose that G contains H,. Let p be the point of H2 such that ord, H2 = 4 
and ei (i = 1,2,3,4) E K ’ such that ei n ej = {p} (i fj) and e, c Hz (see Fig. 4). If f 
is positively expansive on Hz, then f( Hz) c H, and hence (G, f) is not movable. 
Suppose that e, and e, (respectively e3 and e4) are contained in a simple closed 
curve S (respectively S’) (see Fig. 4). The following cases are possible. 
(I) f is not positively expansive on ei u ej if and only if {i, j} = { 1,2}. In this 
case, as in Case (B) before, we can prove that (G, f) is not movable. 
(II) f is not positively expansive on ei u ej if and only if {i, j} = {1,2} or 
{i, j} = {3,4}. In this case, we can prove that (G,f) is not movable (see Case (B)). 
(III) f is not positively expansive on e, u e, if and only if {i, j} = { 1,3}. Let a’ and 
6 be the orientations of circles S and S’ as in Fig. 4. First, we shall show that (G, f) 
cannot be embedded in the plane. Note that p is the fixed point off and for some 
mal, f”(e,)Ie, and f”(eJIe,. Note that for any ec& and ns0, fnle cannot 
pass the point p in e, u e3. By Theorem 2.1 and Lemma 2.3, we can easily prove 
that f m satisfies the condition as in Theorem 4.1, cf. the property (#) in Section 3. 
Hence (G, f) = (G, f “) cannot be embedded into the plane. Next, we shall show 
that in this case there is a positively pseudo-expansive map f of G onto itself such 
that (G, f) is movable. Define a map f: Hz + H, by 
Then we can easily see that there is an extension f: G+ G off: Hz-+ Hz such that 
f is a positively pseudo-expansive map (see the proof of [ll, (4.3)]). Note that f is 
a homotopy equivalence. In fact, the homotopy inverse map g off is defined by 
b - 66( a-)-‘. 
Since f is a homotopy equivalence, Sh( G, f) = Sh G, which implies that (G, f) is 
movable. 
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(IV) f is not positively expansive on ei u e, if and only if {i, j} = (1, 3) or {i, j} = 
{2,4}. By Theorem 2.1 and Lemma 2.3, we can see that for some M 5 1, f” satisfies 
the conditions as in Theorem 4.1. Hence (G, f) cannot be embedded into the plane. 
Next, we shall show that in this case there is a positively pseudo-expansive map f 
of G onto itself such that (G, f) is movable. Define a map f: H2 + H2 by 
b - a’b. 
Choose an extension f: G+ G of f: Hz + Hz such that f is a positively pseudo- 
expansive map. Then f is a homotopy equivalence, which implies that (G, f) is 
movable. 
(V) f is not positively expansive on ei u e, if and only if i, j E { 1, 2, 3) and i # j. 
In this case, we shall prove that (G, f) is not movable. Since f”ls, : S’+ G is locally 
injective for all n 2 0, we can see that f(S’) c S’. As in Case (A), we can prove that 
(G, f) is not movable. 
Case (D): Suppose that G contains H3. Let f be a positively pseudo-expansive 
map of G. If f is positively expansive on H,, then f(H3) c H, and (G, f) is not 
movable. Let e, (i = 1,2,3,4,5,6) be the edges as in Fig. 5. Consider the following 
three cases. The other case can be reduced to one of these cases. 
(I) f is not positively expansive on e, u e, if and only if {i, j} = {1,2}. Note that 
the point q ( e4 n e5 n eb = {q}) is a fixed point of J: By Theorem 2.1 and Lemma 2.3, 
we can see that for some m 3 1, f m satisfies the conditions as in Theorem 4.1. Hence 
(G, f) cannot be embedded into R’. Next, we shall show that in this case there is 
a positively pseudo-expansive map f of G onto itself such that (G, f) is movable. 
Define a map f: H3 + H3 by 
e5 e4 
Fig. 5. 
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where A, B’ and 2 are oriented arcs as in Fig. 5. Choose an extension f: G + G of 
f: H, + H, such that f is positively pseudo-expansive. Since f (a') = hi and f (6) = 62 
(see Fig. 5), we can see that f is a homotopy equivalence, hence (G, f) is movable. 
(II) f is not positively expansive on ei u ej if and only if {i, j} = {1,2} or {i, j} = 
{4,5}. Note that f m satisfies the conditions as in Theorem 4.1 for some m 2 1. Hence 
(G, f) cannot be embedded into lR*. Next, we shall show that in this case there is 
a positively pseudo-expansive map f of G onto itself such that (G, f) is movable. 
Define a map f: H3 + H3 by 
Choose an extension f: G + G off: H, + H3 such that f is a positively pseudo- 
expansive map. Since f (a’) = &i6 and f (6) = 66, f is a homotopy equivalence, hence 
(G, f) is movable. 
(III) f is not positively expansive map on ei u e, if and only if {i, j} = {1,3} or 
{i, j} = (4, 5). Let S’ be the simple closed curve such that 6 is the orientation of S’ 
(see Fig. 5). 
Since f n IS. : S’ -+ G is locally injective for all n 2 0, we can easily see that f (S’) = S’. 
This implies that (G, f) is not movable. 
Now, all cases r(G) = 2 have been investigated. Hence the proof of Theorem 2.4 
is complete. 
5. Cases r(G)23 
In [20,21], Plykin showed that for any n = 3,4,. . . , .there is a map f of a graph 
G onto itself such that Y(G) = n, f is expansive and (G, f) can be embedded into 
R2. Compared with the cases Y(G) c 2, here we give an example of the cases r(G) = 3 
(for details, see [20, 211). Consider the following sets in R*: 
A={(x,y)~R*~~*+y*=1, yzO}, 
B={(~,~)ER*~x*+~~=~, y<O}, 
c = {(X, 0) E KY*/ 1 s x zz 2}, 
D=AuBuC, 
* = (2,O) E c. 
Let Aj, Bi, C,, Di and *, (i = 1,2,3) be copies of A, B, C, D and *, respectively. 
Let G be the one point union of (D,, *i) (i = 1,2,3): 
G = v (Di, *i). 
,=, 
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We assume that Ai, &, c, (i = 1,2,3) are oriented arcs as in Fig. 6. Define an onto 
map f: G+ G on its oriented arcs by 
Then f is a positively pseudo-expansive map and (G, f) can be embedded into the 
plane R2 (see Fig. 7). Let i be an oriented arc from p to 4. Consider the one point 
union H of (G, *) and (E, q), i.e., (H, *) = (G, *) v (E, q). Define an onto map 
F:H+H by FI,=f and 
Then F is a positively pseudo-expansive map and (H, F) c R2. Note that the point 
P = (p,), E (H, F), where pi = p, has a neighborhood U in (H, F) such that U is an 
arc and P is an endpoint of U. This implies that (H, F) is not homeomorphic to 
any inverse limits of a bouquet of 3 circles. Hence there is no diffeomorphism of 
S2 whose hyperbolic attractor is homeomorphic to (H, F). 
Fig. 6. 
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6. Problems 
The following problems still remain open. 
Problem 6.1. Is there a (nondegenerate) plane continuum X admitting an expansive 
homeomorphism such that R2 - X has n-components (1 s n s 3)? 
Problem 6.2. Is there a tree-like continuum admitting an expansive homeo- 
morphism? 
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